We investigate zero temperature liquid 4 He in strictly one dimension by means of state-of-the-art Quantum Monte Carlo and analytic continuation techniques. The system displays the unique feature of spanning all the possible values of the Tomonaga-Luttinger liquid parameter KL by only changing the density. We explore the behavior of the dynamical structure factor S(q, ω) beyond the limits of applicability of Tomonaga-Luttinger liquid theory in the whole range in KL. We observe a crossover from a weakly interacting Bose gas regime at low density (KL ≫ 1) to a quasi-solid regime at high density (KL ≪ 1), which we interpret in terms of novel analytical expressions for the spectrum of hard-rods. During this transition the interplay between dimensionality and interaction makes S(q, ω) manifest a pseudo particle-hole continuum typical of a fermionic system, while the Bogoliubov mode evolves into a remnant of the roton mode. We provide also a perturbative estimation of the drag force experienced by a soft impurity moving along the system.
One-dimensional (1D) systems are quite unique in the realm of many-body quantum mechanics and provide intriguing challenges, due in particular to the loosened distinction between fermionic and bosonic behavior. Electronic transport properties in quasi-1D have been extensively investigated in various systems such as fractional quantum Hall edge states [1], carbon nanotubes [2, 3] , conducting conjugated polymer nanowires [4] , and semiconductors nanowires [5] . Also quasi-1D bosonic systems realized with ultracold atoms confined in cigar-shaped traps have attracted considerable attention [6] . More recently, 1D quantum mechanics has been predicted to play a crucial role for the characterization of 4 He atoms confined inside nanopores [7, 8] or moving inside dislocation lines in crystalline helium samples [9] [10] [11] .
The Tomonaga-Luttinger liquid (TLL) effective field theory [12] [13] [14] [15] , which describes the universal low-energy behavior of a wide class of 1D systems [16, 17] , provides a basic framework for more refined treatments. The TLL is a highly collective state depending, for homogeneous systems, on a single parameter K L , which is related to the sound velocity c via K L = v F /c, where v F = πρ/m, with m the mass and ρ the particle number density. More generally, 1D models are amenable to several analytic and numerical approaches [6] . A very intriguing topic is the exploration of dynamical correlation functions beyond the limits of applicability of TLL theory; such studies have been performed both using a phenomenological universal approach (mobile impurity model) and investigating exactly solvable models [18] .
In this Letter we focus on liquid 4 He, strictly confined to 1D, performing an ab initio Quantum Monte Carlo (QMC) study. Beside the actual interest in the quasi-1D physics of dislocations in solid 4 He and of 4 He confined in nanopores, 1D
4 He is also a very special TLL. Actually 1D
4 He manifests both a spinodal decomposition at low ρ and a rapid decrease in the compressibility at high ρ [19] [20] [21] . These two limiting cases correspond, respectively, to the intensively studied contact interaction Lieb-Liniger (LL) model with coupling parameter γ, providing 1 ≤ K L ≤ ∞ [22, 23] , and to the hard-rods (HR) model with radius a, providing 0 < K L ≤ 1 [24] . Both models tend to the K L = 1 Tonks-Girardeau regime (TG), corresponding to the Ideal Fermi Gas (IFG) [25] , either by tuning γ → ∞ or a → 0. In 1D 4 He, by varying only ρ, we explore all the significant regimes in K L advancing the following scenario: at low ρ, c vanishes, giving K L ≫ 1, providing a weakly interacting Bose gas (WIBG); at high ρ, c diverges, giving K L ≪ 1, corresponding to a HR gas. The crossover between these two regimes is very exciting and in particular K L = 1 corresponds at low energy to the IFG. This behavior is a peculiar consequence of the interplay between the hardcore repulsion and the Van der Waals attraction in the interaction potential, and the mass of 4 He atoms, that allows for the existence of a two-body bound state with a binding energy of about 1.3 mK and a large scattering length a S ≈ 100Å [26] . It has been recently recognized that 3 He features a similar finite-density K L = 1 point [27] ; however in the low-density regime the lighter isotope tends again to the IFG, not displaying a K L ≫ 1 behavior essentially because of the smaller mass, which prevents the spinodal decomposition to take place.
We use the exact Shadow Path Integral Ground State method (SPIGS) [28] , a zero temperature path integral method [29] projecting a Shadow wave function (SWF) [30] . With SPIGS we sample the ground state of N structureless bosons interacting via the the Aziz [31] potential and moving on a segment of length L in periodic boundary conditions. We explicitly introduce long-range correlations of the 1D Reatto-Chester form | sin(πr/L)| 1/KL [32] , consistent with TLL theory [16] . We evaluate the energy per particle of the system E(ρ) and the static structure factor S(q), obtaining K L as a function of the density from E(ρ) via the relation m K
−1 is the compressibility. In Fig. 1 we compare such results with those inferred from the low-momentum behavior S(q) ≃ qK L /2πρ, observing good agreement and thus obtaining a robust estimation of K L as a function of ρ. The system crosses the IFG value K L = 1 at ρ ≃ 0.150Å −1 . At low ρ we have an attractive WIBG, which undergoes the spinodal decomposition at ρ sp = 0.026(2)Å −1 , the equilibrium density being ρ eq = 0.037
√ γ, holding in the limit γ ≪ 1 for the repulsive LL model [23] . At high ρ, we have a HR system with hard-core radius a = 2.139Å [33] , for which
In Fig. 2 we observe quasi-Bragg peaks in S(q) in the high ρ regime, consistently with the HR behavior [24] . One can obtain an estimation of K L also from the scaling S(2k F j) ∝ N 1−2KLj 2 of S(q) at multiples of the "umklapp" wavevector 2k F , where we customary define k F = πρ and j is an integer [24, 27] . This scaling is shown in the inset of Fig. 2 ; the extracted values of K L turn out to be in good agreement with the results in Fig. 1 . Given ρ, the number of peaks is fixed by the condition (1 − 2K L j 2 ) > 0; thus for K L < 1/2, corresponding to ρ = 0.196(5)Å −1 , a first peak appears, while for K L < 1/8, corresponding to ρ = 0.290(5)Å −1 , a second peak is observable. We notice that when the exponent is positive, the sub-linear scaling of the peaks of S(q) signals a quasi-solid behavior of the system, the crystallization being prohibited by dimensionality.
As far as dynamical properties are concerned, TLL theory predicts a phononic dynamical structure factor S(q, ω) at small q with dispersion ε(q) = cq. Moreover, in the LL model the asymptotic ω → 0 behavior [34] 
(color online) Static structure factor S(q) at ρ = 0.220Å −1 (red circles) and at ρ = 0.300Å −1 (green triangles). Inset: Scaling of the main peak at q = 2kF against the number of particles N at the same two densities.
predicted to be
Interestingly, universal properties of dynamical correlations of 1D systems have been predicted beyond TLL theory. In particular, for the LL model, S(q, ω) has been calculated relying on the Bethe-ansatz via perturbative [23, [35] [36] [37] , and numerical [38] approaches. More generally any 1D bosonic system with repulsive interactions is expected to manifest a low-energy threshold ω II , analogous to the hole branch ω − of the IFG, where ω ± (q) = v F q ± q 2 /2m , below which no excitations are present [18] . This is called the Lieb II mode in the LL model. For Bethe-ansatz solvable models an explicit interpretation of the ground-state as a pseudoFermi sea, and of the low-energy excited states as pseudoparticle-hole excitations was derived in [34] . An expansion ω II (q) ≈ cq − q 2 /2m * close to zero momentum defines the effective mass m * , consistently with a picture of fermionic excitations at low q. m * is found to depend only on K L [39, 40] . The non-linear Luttinger theory predicts a power-low behavior near the threshold of the form S(q, ω)
, where µ(q) itself is related only to K L and ω II [18, [40] [41] [42] .
We tackle the issue of computing the full S(q, ω) via an analytic continuation of the imaginary-time intermediate scattering function calculated with the SPIGS method. We use an inversion strategy devised refining and making more efficient [43] the Genetic Inversion via Falsification of Theories (GIFT) method [44] , which has provided robust results for S(q, ω) of quantum liquids [44] [45] [46] [47] .
In Fig. 3 we show S(q, ω) at several densities, i.e. at several values of K L , with q and ω in units of the natural scales 2k F and E F / = k 2 F /2m. In order to ease the interpretation, in panels (a-d) we also plot (dotted lines) 
FIG. 3. (color online) Color plot of S(q, ω).
Values beyond the scales are plot in black. KL values are also indicated. In panels (a-d) we also show (dotted lines) the Bogoliubov dispersion ωB and (dashed lines) the IFG bounds ω ± (q). In panels (e-f) we show (solid lines) the HR bounds ω ± * (q) (see text). In panel (f) we also plot (double-dashed line) the threshold ωII (q) for a HR system with ρa = 0.642. An arrow indicates the momentum Q1 = 2π/a.
the Bogoliubov dispersion ω B (q) = 2mξ 2 2(qξ) 2 + (qξ) 4 where the healing length is ξ = K L / √ 2mv F , and (dashed lines) the IFG branches ω ± (q). At the highest densities we plot instead (solid lines) ω
The dependence of S(q, ω) on K L is very strong. At any density for small q and ω, S(q, ω) is peaked around cq within our resolution, with a sound velocity c consistent with our results for K L . The behavior at higher energies is strikingly different. In the low ρ regime (panel a), the spectral weight of S(q, ω) remains concentrated around ω B (q), well beyond the limits of applicability of TLL theory. The same behavior is found for S(q, ω) of the LL model at large K L [38] . As K L gets smaller, going towards the value K L = 1 (panels b and c), we observe a wide broadening of the spectral weight at high energies, which partially fills the IFG particle-hole continuum. In panel (c) the spectral weight at high q begins to crowd a region close to ω − . At ρ = 0.150Å −1 , where K L ≃ 1 (panel d), for each q the spectral weight concentrates in a narrow region of width of a few E F / , that is very close to ω − only for q < ∼ k F . We call this region of dense weight "lower mode" even though strictly speaking it is not a peak. In fact at q = 2k F the weight, although maximal, is quite flat for ω → 0 (see discussion of Fig. 4) . The lower mode is not symmetric around k F , still resembling lower ρ behavior. However it is clear that the hard-rod character is already emerging, as can be seen from the subsequent panels, where 4 He accesses the regime K L < 1 and the excluded length plays a dominant role.
At high ρ, panels (e-f), the dominant lower mode gathers most of the spectral weight and tends to 0 near q = 2k F : above it, a secondary mode is visible. To interpret it, in Fig. 4 we analyze in deeper detail S(q, ω)/S(q) at q = 2k F . We notice the systematic presence of a local maximum near 2 (2k F ) 2 /2m = 4E F at all densities: it is the Bogoliubov mode which we observe to develop, like in three dimensions, a local minimum in the strongly interacting regime [47] . Furthermore, the fact that 4E F is the free-particle value induces us to interpret such a mode as a roton [48] . We argue that this excitation corresponds to the one derived within a dynamical many-body theory [20] .
To interpret further features in Fig. 3e-f , some new analytical results for the HR system come now at hand. Given K L = (1 − ρa) 2 , the equation for m * [39, 40] reduces to m/m * = 1/K L (analogously to the LL model close to the TG limit [23] ). The HR system can be mapped onto an IFG with reduced length [24, 25] , which gives a renormalization of the ω ± branches. We thus obtain the kinematic ranges ω
Consequently, the HR low-energy threshold is ω II (q) = ω − * (q − 2nk F ) with 2nk F < q < 2(n + 1)k F and n integer. For n > 0, ω II corresponds to states with n particle-hole excitations [18, 34, 49] . From the analytic expression of ω II we extract the universal non-linear Luttinger exponents [18, 40] for a HR system:
This result depends on ρ through n, making (2) discontinuous at q = 2nk F . The explicit shape of µ(q) for a HR system corresponding to Fig. 3f is shown in inset (A) of Fig. 4 . We infer that the spectrum is flat at the special wave-vectors Q n = 2πn/a, n ≥ 0. Near ω II , S(q, ω) diverges up to q = 2k F and vanishes for 2k F < q < Q 1 ; beyond Q 1 the divergence reappears consistently with the quasi-solid behavior of the system. The result of a flat spectrum at Q n is consistent with [24] , where an explicit mapping to the S(q, ω) of the IFG with scaled density ρ/(1 − ρa) was demonstrated for such wave-vectors, yielding the exact intriguing result
The previous relations are able to capture the main features of the spectrum shown in Fig. 3f , where we also show ω II in the lobe 2k F < q < 4k F and we indicate Q 1 /2k F ≃ 1.56 with an arrow. We interpret higher energy modes with q ≃ 4k F as composite excitations.
Panel (e) also shows the tendency to a flat spectrum at Q 1 /2k F ≃ 2.12.
In Fig. 4 we also study the low-energy behavior of S(2k F , ω). Finite-size effects always introduce a gap at q = 2k F , which is not visible in the figure, moreover our spectra are reliable for ω > ∼ 1/τ M , where τ M is the maximum imaginary time accessed in our QMC simulations. The results of the GIFT inversions (thick curves) are consistent with Eq. (1) (thin lines) for ω < ∼ E F / and densities (c-e), even though (1) was derived for Bethe-ansatz solvable models. Note in particular the remarkable agreement in the case K L ≃ 1, where S(2k F , ω) is flat for ω → 0. At very low ρ the discrepancy is mainly due to the finiteness of τ M . At the highest ρ, where the spectrum is extremely peaked, the discrepancy could be due to a departure from Eq. (1) in the case of HR systems.
Starting from our estimations of S(q, ω), we evaluate also the drag force F v experienced by an impurity moving along the system with velocity v to first perturbative order. We use Eq. (8) of [49] at T = 0, which is an extension to 1D of the Landau superfluidity criterion. Results for several densities are shown in inset (B) of Fig. 4 , and appear to be consistent with the prediction F v ≃ v 2K−1 at low v for the LL model [49] , up to ρ = 0.150Å −1 . For ρ > ∼ 0.220Å −1 we begin to observe discrepancies at small v indicating either finite-size effects or a HR peculiar behavior. At all densities, F v saturates at v ∼ c. The drag force is non-vanishing at any v, but for K L > 1 its power-law behavior determines a quasi-superfluid response of the system with very small dissipation (see also [14, 50] for non-perturbative results with external potentials). Our estimate of F v is perturbative, therefore it is relevant for soft impurities such as small geometry deformations in quasi-1D systems, while it is clear that for hard-core impurities the superfluid response is completely suppressed. In summary, our QMC ab initio approach has allowed us to go beyond the limits of applicability of the TLL theory for 4 He in 1D. We have found that the interatomic potential provides the possibility to explore the whole range in the Luttinger parameter, by changing the density. In the experimentally relevant high-density regime, we have provided a hard-rods picture which almost fully characterizes the spectrum for low and intermediate energies.
We hope that our results can stimulate further studies of 4 He systems, in particular of the flow of liquid 4 He inside nanopores or dislocation lines in crystalline 4 He, and can possibly inspire a new class of experiments with quasi-1D ultracold gases with engineered finite-range hard-core interactions.
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